Introduction {#Sec1}
============

Gronwall's inequality was first proposed and proved as its differential form by the Swedish mathematician called Thomas Hacon Gronwall \[[@CR1]\] in 1911. The integral form was proved by the American mathematician Bellmen \[[@CR2]\] in 1943; see the following Proposition [1](#FPar1){ref-type="sec"}. Gronwall's inequality is an important tool to obtain various estimates in the theory of ordinary and stochastic differential equation. In particular, it provides a comparison theorem that can be used to prove uniqueness of a solution to the initial value problem.
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With the development of differential equations, it was found that the original Gronwall inequality can no longer meet the needs of application, so people began to study the generalized Gronwall inequality. LaSalle \[[@CR3]\] and Bihari \[[@CR4]\] have put forward a nonlinear generalization of the Gronwall--Bellman inequality called the Bihari--LaSalle inequality. Pachpatte \[[@CR5]\] has presented some other variants and generalizations of Gronwall's inequality. In recent years, Chen et al. \[[@CR6]\] have established some new nonlinear Gronwall--Bellman--Ou--Iang type integral inequalities with two variables, which can be used as a simple tool to study the qualitative and quantitative properties of solutions to differential equations. Lin \[[@CR7]\] has provided several generalizations of Gronwall's inequality and presented their applications to proving the uniqueness of solutions for fractional differential equations with various derivatives. Zhang et al. \[[@CR8]\] have studied a class of more general discrete fractional order Gronwall's inequality by using the definition of a new fractional order integral. Xu et al. \[[@CR9]\] have developed some generalized discrete fractional Gronwall inequalities based on an iteration method, which can be used in the qualitative analysis of the solutions to fractional difference equation and summation equation. In particular, Fan et al. \[[@CR10]\] have proposed the following backward Gronwall inequality, and used it to study the existence and uniqueness of solutions to backward stochastic differential equations.
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This paper will put forward a class of stochastic Gronwall's inequalities, provide its three proof methods based on Propositions [1](#FPar1){ref-type="sec"} and [2](#FPar2){ref-type="sec"}, and it will introduce an application in the field of backward stochastic differential equations.
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Main result {#Sec3}
===========

We first give the basic form of a stochastic Gronwall's inequality, which is the main result of this section.
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Iterative method {#Sec4}
----------------

### Proof of Theorem [1](#FPar3){ref-type="sec"} {#FPar6}
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In the sequel, we will use the mathematical induction method to prove that, for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\geq 1$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \varphi _{t}\leq \mathbf {E}\biggl[ \int _{t}^{T}\frac{ (\int _{t}^{u}\beta _{s}\,\mathrm{d}s )^{n}}{n!}\beta _{u} \varphi _{u}\,\mathrm{d}u\Big|\mathcal {F}_{t} \biggr], \quad t\in [0,T]. \end{aligned}$$ \end{document}$$ First, in view of ([4](#Equ4){ref-type=""}) and the progressively measurable property of the process $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\beta _{\cdot}$\end{document}$, exchanging the integral order of the double integral in ([4](#Equ4){ref-type=""}), we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Furthermore, it is easy to verify that the right side of ([5](#Equ5){ref-type=""}) tends to 0 when $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \mu (t) \leq & \frac{1}{n} + \mathbf {E}\biggl[ \int _{t}^{T}\beta (s)\mu (s) \,\mathrm{d}s\Big|\mathcal {F}_{t} \biggr] \\ \leq & \frac{1}{n}\mathbf {E}\bigl[e^{\int _{t}^{T}\beta (s){d}s}|\mathcal {F}_{t} \bigr], \quad t\in [0,T]. \end{aligned}$$ \end{document}$$ Therefore, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\rightarrow +\infty $\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu (t)\equiv 0$\end{document}$. The proof is then complete. □

Integral method {#Sec5}
---------------

### Proof of Theorem [1](#FPar3){ref-type="sec"} {#FPar7}

By replacing *t* in ([1](#Equ1){ref-type=""}) with *r*, multiplying both sides of ([1](#Equ1){ref-type=""}) by $\documentclass[12pt]{minimal}
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Martingale representation method {#Sec6}
--------------------------------

### Proof of Theorem [1](#FPar3){ref-type="sec"} {#FPar8}
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Application {#Sec7}
===========

This section will introduce an application of the stochastic Gronwall's inequality.

We are concerned with the following one-dimensional backward stochastic differential equation (BSDE for short in the remaining): $$\documentclass[12pt]{minimal}
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Definition 1 {#FPar9}
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-----

We only prove the case (i). The other case can be proved in the same way. Set $\documentclass[12pt]{minimal}
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Remark 3 {#FPar12}
--------
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